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The effects of axial dispersion and Langmuir isotherm on transient behavior of sorp-
tion and intraparticle diffusion in fixed-beds packed with monodisperse shell-typelinert
core spherical sorbents are studied. The system of partial differential equations of the
mathematical model is solved numerically using finite difference methods. Results are
presented in the form of breakthrough curves for adsorption and desorption processes.
Results reveal that the shape of the breakthrough curves is influenced by both hydrody-
namic and kinetic factors. Hydrodynamic factor is governed by axial dispersion and is
controlled by changes of Peclet number. Simulation results reveal that when linear
adsorption isotherm is used, the effect of axial dispersion on breakthrough curves of
the system is important for Peclet numbers smaller than 50, whereas, for Langmuir
isotherm axial dispersion is considerable for Peclet numbers less than 80. In addition,
effects of type of adsorption isotherms and size of adsorbents on breakthrough curves
are investigated, and results are compared with existing reports in the pertinent litera-
ture. © 2009 American Institute of Chemical Engineers AIChE J, 55: 1784—1792, 2009
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Introduction

Separation maybe defined as a process that transforms a
mixture of substances into two or more products that differ
from each other in composition. The separation steps often
account for the major production costs in chemical and pe-
trochemical industries. Adsorption and desorption are widely
used as separation operations in process industries, chro-
matographic techniques, ion exchange between solutions and
solids, catalytic reactions, drying, distillation, enzyme and
protein purification, power generation, and food industries.
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The fixed-beds that are utilized for adsorption and desorp-
tion operations are characterized by a concentration wave
front the shape of which indicates the degree of separation
that can be achieved. The concentration wave front in
adsorbers/desorbers is conveniently demonstrated through
standard diagrams that are commonly called breakthrough
curves, and have significant value in terms of design, opera-
tion, and control of these systems. It has been established
that breakthrough curves are influenced by both hydrody-
namic (i.e., axial dispersion) and kinetic (i.e., finite transport
rates) factors. Nature and type of adsorption isotherms, size
distribution and geometry of packing particles, and system
geometry are other factors that affect the shape of break-
through curves. Using monodisperse spherical particles/beads
as sorbent in sorption columns is a matter of common
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practice, and there is a large body of theoretical and experi-
mental literature available on various aspects of fixed beds
packed with solid spherical sorbents.'™°

Extensive review of the existing literature in the realm of
adsorption/desorption processes in packed beds reveals that
most of the studies are limited to the analysis of fixed beds
of solid spherical particles. Furthermore, in all the existing
monodisperse spherical models, linear sorption isotherm and
intraparticle diffusion are considered and zero flux boundary
condition at the center of the spherical particles due to the
symmetry is applied. To a certain extent, this combination of
linear isotherm and simple symmetry boundary condition
makes analytic and numerical solutions to the system of
describing equations simple. However, there are situations
with significant practical implications where this condition
does not hold. For instance, in dielectric coating processes,
controlled release from encapsulated drugs, grain drying, and
olive pickling in food industries are situations where one
encounters with mass transfer in a configuration, which
essentially may be considered as a spherical solid shell/hol-
low sphere, or a sphere with an inert core. The number of
published articles on the treatment of problems associated
with beds of inert core adsorbents/shell-type geometries is
highly limited. Shams?’ modeled the transient behavior of
adsorption/desorption from a fixed-bed packed with thin-
film-coated spherical particles/hollow spheres where axial
dispersion and external mass-transfer resistance are negligi-
ble. He solved mass transfer equations analytically and could
get breakthrough curves for system parameters through nu-
merical integration of an infinite integral. Li et al.>® modeled
breakthrough and elution curves in a fixed-bed of inert core
adsorbents. They derived new analytical solutions to predict
breakthrough and elution curves for linear adsorption sys-
tems coupled with axial dispersion, film mass transfer, and
intraparticle mass transfer. Furthermore, in the last decade,
inert core adsorbents have been used to improve the separa-
tion performance of proteins in expanded-bed adsorbers.?**
Large-pore supports in chromatographic processes have been
used to reduce the mass transfer resistance.** Nonporous
beads have been suggested to overcome film mass transfer
resistance in fixed beds.>> Particles with a thin layer of
porous silica on a solid inert core have been practiced to
improve the sorption efficiency in high-performance resolu-
tion of protein in liquid-chromatography.’®>” Also, in the
manufacture of shell-type catalysts for catalytic converters in
auto industries, the active ingredients are deposited in the
form of a skin or shell on the outside portion of an inert
core or substrate.>® In all of these situations, previous results
related to spherical sorbents cannot fully predict the sorption
behavior of the bed.

The objective of this work is to derive sorption break-
through curves in a fixed-bed system consisting of monodis-
perse inert core/shell-type/hollow spherical sorbents, where
axial dispersion plays an active role and the Langmuir
adsorption isotherm describes the equilibrium exchange
between the moving and stationary phases. Nonlinear
exchange law makes the problem nonlinear. Therefore, the
descriptive system equations are amenable to solution by nu-
merical methods. In the ensuing sections, the problem state-
ment is explained, governing equations are developed, sys-
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Figure 1. Fixed-bed packed with inert core/shell-type/
hollow spherical sorbent particles.

tem equations are solved numerically, and the results are
discussed.

Problem Statement

Consider a bed packed with monodisperse inert core/shell-
type/hollow spherical sorbent particles. The spherical par-
ticles are uniformly distributed throughout the bed with a
void fraction of ¢ and contain a desorbable component A in
the shell, or A may diffuse through the shell from the flow-
ing phase. The thickness of the film/shell is equal to (b—a),
where a and b are the inner and the outer radii of the spheri-
cal particles, respectively, as shown in Figure 1. A fluid
flows through the bed at the entrance with a constant linear
superficial velocity U. The goal is to obtain the dynamic
response of sorption of the bed when subjected to a step
change in feed concentration at time zero.

Theoretical Development and System
Modeling in the Sorption Process

Following Rosen’ and Shams?’ we make the following
simplifying assumptions:

1. The system is at uniform temperature.

2. Sorbent particles are small compared with the diame-
ter and length of the bed.

3. The external mass transfer resistance is negligible.

4. We may describe the intraparticle diffusion of A
within the shell by Fick’s law of diffusion.

5. Axial dispersion is considered.

Furthermore, desorption equilibrium of the desorbable
component A follows a nonlinear Langmuir-type isotherm.
In light of the above assumptions, the spatiotemporal behav-
ior of the concentration of the sorbed component in the
effluent stream can be computed from equations derived
from performing mass balances on mobile and stationary
phases presented in the next section.

Mobile Phase Mass Balances

An unsteady-state shell mass balance on mobile phase
gives:

OCa OCx ?Cx  3(1 —&)Dp Oq
—A—- _yU=24D + b 1
ot ax P om & arh U
atx=0:Cp=0 2)
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at t =0, yet to be defined

where C, is the concentration of A in the mobile phase, D is
the axial dispersion coefficient, D, is the intraparticle
diffusion coefficient, x is the axial coordinate of the bed, ¢ is
the void fraction of the bed, r is the radius of sorbent particles,
and L is the length of the bed. Furthermore, in Eq. 1 the plus
sign in front of the last term stands for adsorption, whereas the
minus sign indicates desorption. The second boundary
condition given above (i.e., Eq. 3) is the famous Neumann
or second type boundary condition, which is mostly used in
packed beds. For getting the initial condition needed, we
assume that at time zero equilibrium condition throughout the
bed is established and from the nonlinear Langmuir isotherm,
this initial condition will be determined and explained when
the model equations are made dimensionless.

Stationary Phase Mass Balances

A transient shell mass balance on the stationary phase gives:

% _ D10 (200
ot r2or (r or @

One can recast this equation as:

5 1 /0
ﬁ("‘ﬁ D (@ ("fi)> =0 (5)
Subject to:
att=0: q(x,0,r) = qo (6)
atr:a:%:o Yt 7

at r = b, this boundary condition depends on equilibrium
exchange law and will be given and discussed in the next
section.

Nondimensionalization of Model Equations

The system equations are made dimensionless using the
following dimensionless variables:

Dimensionless length: { =

®)

1=

. . . Ut
Dimensionless time: 7 = T )

Dimensionless radius of solid particles: p = bli (10)
—a

To define initial conditions in mobile and stationary
phases and boundary condition at the edge of the solid pel-
lets, and prescribe dimensionless concentrations for both
phases, Langmuir isotherm must be considered. Langmuir
equilibrium relation is given as
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where, ¢ is the concentration of A in solid phase, ¢, is the
saturated concentration of the solid phase, C, is the
concentration of A in the mobile phase, and B is a constant.
For a suitable description of dimensionless concentration of
solid phase, we assume at time zero solid phase is saturated by
% 90. Therefore, gy = 0.9¢,. The reason that at the time zero
the bed is not considered to be fully saturated is imbedded in
Langmuir isotherm. Generally, the Langmuir isotherm implies
that when concentration in solid phase approaches the
saturated concentration, ¢y, the mobile phase concentration
approaches infinity; this is readily verified by rephrasing the
Langmuir isotherm as follows:

4
Ca :B(I%— qi) 12)

Further, to complete the nondimensionalization process,
the following dimensionless variables are introduced:

Dimensionless concentration in mobile phase: 0 = ?
(13)
Dimensionless concentration in stationary phase:
p=1-0% (14)
qs q0

Using the introduced dimensionless concentrations, Eq. 12
becomes

_¢
9(1 - ¢)

Thus, the initial conditions necessary for the mobile and
solid phases are as follows:

0= (15)

at 1= 0,0 = 1, mobile phase (16)

at T =0,¢ = 0.9, stationary phase a7

It follows that the system equations and the pertinent bound-
ary and initial conditions in dimensionless form become:
Mobile phase

90 _ v 00 ()1 20y b 9
dor)  6d()) o Pea(yr)? o (b—a)iplp=ps;
(18)
at{=0:0=0 (19)
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Stationary phase

10p 18%¢ ¢
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b ¢
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where, Pe = % is the Peclet number, and the dimensionless

parameters ) and o are reciprocals of two modified Peclet
numbers that indicate the relative importance of Fickian
(molecular) diffusion and convection in the mobile and
stationary phases, respectively. These dimensionless groups
are defined as follows:

, 3(1 — &)DALBg,

T T T 9wy (26)
—da

Numerical Solution of Dimensionless Mass
Balance Equations

Dimensionless mass balance equations in the mobile and
stationary phases are a set of coupled nonlinear partial dif-
ferential equations, and amenable to numerical solution using
finite difference methods.

The independent variables of the system equations are 7'(,
p, and o1, and their steps sizes are defined A(y'{), Ap, and
A(a7), respectively. The discretization of the model equa-
tions and the computational procedure is briefly presented in
the Appendix.

Figure 2. Breakthrough curves in desorption process
with axial dispersion and nonlinear isotherm
(Pe = 10).
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Figure 3. Breakthrough curves in adsorption and de-
sorption processes with axial dispersion and
nonlinear isotherm (Pe = 10).

Numerical Results and Discussion
Breakthrough curves

Figure 2 shows the breakthrough curves for desorption in
the general case, where Pe = 10, and Langmuir equilibrium
isotherm and longitudinal dispersion are both incorporated in
the model equations. In Figure 3, the breakthrough curves for
both adsorption and desorption processes are shown for the
same value of Peclet number. Figures 2 and 3 present the typ-
ical behavior of time course of concentration that one expects
in adsorption and desorption processes. If axial dispersion is
neglected and a linear equilibrium exchange law is used rather
than the well-known Langmuir isotherm, then the model
equations are degenerated to those reported by Shams.?” In
this situation, as Figure 4 shows, numerical results are in
good agreement with the results obtained by the exact solu-
tion of the model equations. The deviations demonstrated in
this figure are largely attributed to the convergence criteria
used in this work and those used by Shams®’ for the

Shams

This work

o

Figure 4. Comparison of results of this work with exact
solution®” at y¢ = 0.5 and y{ = 5.
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Figure 5. Breakthrough curves in desorption process
along with axial dispersion and linear iso-
therm at y'{ = 6.

evaluation of an infinite integral, which is the closed form of
the exact solution reported by him. This comparison essen-
tially validates the results of the simulations.

Effect of model parameters and exchange law on
breakthrough curves

Figures 5 and 6 show effect of the hydrodynamic factor
(i.e., axial dispersion) on breakthrough curves; in these
curves Pe—oo indicates the condition in which no axial dis-
persion is present.

It is established that the mass transfer flux along the bed
is influenced by convection and axial dispersion. Here, Pec-
let number is in fact the ratio of mass transfer by convection
to mass transfer by dispersion. These results indicate that as
Peclet number is increased, the share of mass transfer in the
bed by dispersion decreases, and above a certain value of
Peclet number the effect of the hydrodynamic factor fades
away. Figure 5 shows that when the equilibrium exchange

1 - Pe=5 (1)
Pe=6 (2)
0.8 1 Pe=10 (3)
Pe=20 (4)
0.6 4
[i] Pe=50 (5)
0.4 Pe=80 (6)
P [7}
0.2 4
0 ; : — .
0 5 10 15

Figure 6. Breakthrough curves in desorption process
along with axial dispersion and nonlinear iso-
therm at y'{ = 6.
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Figure 7. Comparison between full spherical pellets
and inert core particles (Pe = 20, y'{ = 4).

law follows a linear function, then axial dispersion plays a
role and affects the breakthrough curves only for Peclet
numbers of order 50 or less, whereas, this upper limit when
nonlinear isotherm is used (see Figure 6), becomes 80. This
indicates that when the linear isotherm (e.g., Henry’s law)
describes the equilibrium exchange, then the hydrodynamic
effects become more profound in desorption process.

Figure 7 presents the results obtained to explore the effect
of particle size on breakthrough curves. This figure shows
that as the particle size becomes larger, it takes a longer
time to desorb A out of the shell. This is because the content
of A within the shell is larger for larger particles, and the
diffusion path is longer. This figure also presents the situa-
tion where the inner core radius goes to zero. This situation
corresponds to the situation where the bed is packed with
monodisperse solid spherical beads.

Figure 8 shows the effects of y’ and ¢ on breakthrough
curves in desorption process along with axial dispersion with

0.8

0.6 -

0.4

0.2

o T ——
1] 4 8 12 16 20
aT

Figure 8. (a) Effect of y on breakthrough curves in de-
sorption process along with axial dispersion
and nonlinear isotherm (Pe = 10, { = 0.5); (b)
Effect of & on breakthrough curves in desorp-
tion process along with axial dispersion and
nonlinear isotherm (Pe = 10, { = 0.4).
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Figure 9. Effect of equilibrium isotherm (linear and
nonlinear) on breakthrough curves (Pe = 10
at { = 0.2, 0.4, and 0.8).

nonlinear isotherm, for Pe = 10, and { = 0.5 and 0.4,
respectively.

As mentioned earlier, these two parameters (' and ¢ ) are
reciprocals of two modified Peclet numbers in the mobile
and stationary phases, respectively, that demonstrate the rela-
tive significance of molecular diffusion in these two phases,
respectively. If linear exchange law is used, these two
parameters are modified accordingly as shown in Eqs. 28
and 29.

3(1 — S)DAL
= A 28
/ b2 UH (28)
2LD
6=——" (29)
(b—a)U

These results show that the larger values of 7’ and ¢ trans-
late into less mass transfer by convection, enhanced molecu-
lar diffusion in both phases, and subsequently hindrance of
desorption process due to the fact that mass transfer is con-
trolled by molecular diffusion, which is inherently a slow
process. This adverse effect is more profound when nonlin-
ear isotherm is used.

Figure 9 compares the breakthrough curves of the bed
when Langmuir and Henry isotherms are considered as the
equilibrium exchange laws at the solid-fluid interface. These
results reveal that under the same set of conditions for a
given bed, at any given point in time, the concentration of
the desorbable component, A, in the mobile phase is larger
when Langmuir isotherm is used. Furthermore, the differen-
ces between behaviors of the two isotherms become more
profound as one gets away from the entrance of the bed. For
instance, at { = 0.2 the differences between the two iso-
therms are not appreciable that much, however, as the bed
length is increased, ({ = 0.4, 0.8), the differences of the
breakthrough curves for the two isotherms become more pro-
found. Therefore, one concludes that the behavior of the bed
does not strongly depend on the type of equilibrium isotherm
in the beginning of the bed and for small distances from the
entrance, and effect of the nonlinearity of the exchange law
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Langmuir isotherm

Figure 10. Effect of Pe on breakthrough curves using
linear and nonlinear isotherms at { = 0.8.

becomes important only away from the inlet in the middle
and in the end of the bed.

Figures 10 and 11 show the hydrodynamic effects on the
breakthrough curves when linear and nonlinear exchange laws
are considered. The hydrodynamic effects are compared for
Pe = 10 and Pe—oo. These figures show that the hydrody-
namic effects are more significant when linear isotherm deter-
mines the equilibrium exchange law of the bed. Quantita-
tively, at dimensionless length of { = 0.4, for Langmuir iso-
therm, when Peclet number is increased from 10 to oo, the
maximum difference of dimensionless concentration of the
desorbable component in the mobile phase, 0, is about 0.12,
and this quantity almost doubles for linear isotherm. Also, at
{ = 0.8, the maximum reduction of ¢ in Langmuir isotherm
is 0.163 and this increases to 0.502 for the linear isotherm.
Therefore, longitudinal dispersion in desorption beds with lin-
ear equilibrium exchange law hinders desorption process more
effectively than beds that obey Langmuir isotherm.

Comparison of the results with others works

As mentioned earlier, in Figure 4 breakthrough curves
obtained from numerical solution of desorption process in

14

T i Langmuir isotherm
Ry 5 Linear isotherm = ===«
0.8 .,
0.6
0
0.4
0.2
0
1} 0.5 1 15 2 25 3 35 4

o7

Figure 11. Effect of Pe on breakthrough curves using
linear and nonlinear isotherms at { = 0.4.
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fixed-beds packed with inert core spherical particles without
axial dispersion and with linear isotherm are compared with
exact solution reported by Shams®’ under the same condi-
tions. This comparison is made in Figure 4 at y’{ = 0.5 and
at 7' = 5. Results are comparable fairly well with an aver-
age difference of about 15% at y/{ = 0.5 and about 30% at
y/{ = 5, and the discrepancies are mainly because of the
convergence criteria used in this work and those used by
Shams?’ for evaluation of the infinite integral of the closed
form solution.

In Figure 12, the breakthrough curve obtained in this
work for adsorption process with axial dispersion and linear
isotherm in a fixed-bed packed with monodisperse spherical
particles (i.e., when a = 0) are compared with the results
reported by Raghavan and Ruthven,'® the results published
by Rasmuson and Neretnieks,8 Rasmuson,9 and Rosen.® The
comparison with the results of Rasmuson and Neretnieks®
and those of Raghavan and Ruthven'® has been made for Pe
= 19.3 at 7y'{ = 2. One can see that the results are compara-
ble quite well. The average differences between the results
obtained in this work are about 10% with respect to those
reported by Raghavan and Ruthven and about 8% with
respect to the results of Rasmuson and Neretnieks.®

The comparison with the results of Rasmuson’ and Rosen®
are made at y'{ = 5. The differences that are observed in
comparing these results and the present work are essentially
because of different simplifying assumptions that have been
made in these works. Rasmuson’ and Rosen® included the
external mass transfer resistance in their diffusion models,
while it has been intentionally neglected in this work.

Figure 13 shows our results and the results obtained based
on an exact solution reported by Li et al.?® for fixed-beds
packed with inert core spherical particles when a/b = 0.8. In
this figure, we have tried to compare our computational

0.8 - W o
LemT ’ et

0.6 - & it Raghavan & Ruthven —f{r—

Sty .®" (a) Rasmuson & Neretnieks —k—

0 T This WOrk e

0.4 e ,-"'
s

o Rasmuson =0 =

(b} Rosen — g —

02 4 This work _ _ _
] T T 1
L] 2 oT 4 -]

Figure 12. (@) Comparison of breakthrough curves in
adsorption process along with axial disper-
sion from this work and breakthrough curve
reported by Rasmuson and Neretnieks,® and
Raghavan and Ruthven'% (b) Comparison of
breakthrough curves in adsorption process
in the absence of axial dispersion with
breakthrough curves published by Rosen®
and Rasmuson."!
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Figure 13. Comparison of breakthrough curves of this
work and those reported by Li et al.?®

results when axial dispersion and linear exchange law are
used with the results reported by this group. One can see
that the results are in good agreement, and the differences
are because in this work the film resistance has been
neglected.

Conclusion

The transient behavior of sorption from a fixed-bed
packed with monodisperse shell-type/inert core spherical
sorbents is studied through mathematical modeling and nu-
merical simulations. Axial dispersion and nonlinear Lang-
muir equilibrium exchange law are considered. The partial
differential equations are solved numerically using finite dif-
ference method. The results are presented in the form of
breakthrough curves for both desorption and adsorption proc-
esses. By changing the values of the system parameters, the
results for cases where isotherms are linear and follow
Henry’s law, longitudinal dispersion is negligible, and mono-
disperse spherical beads are used as packing could be repro-
duced. Effects of model parameters are investigated and
results are compared with similar works reported in the liter-
ature. The results are in good agreement with the existing
results and theories. Furthermore, the results show that when
linear exchange law is used axial dispersion that represents
the hydrodynamic effects plays a role and affects the break-
through curves only when Pe is less than 50, whereas, when
nonlinear isotherm is used hydrodynamic effects become im-
portant when Pe is less than 80.

Notation

a = inner radius of spherical particle, m
A" = (1/(1 = ¢;zns1)), dimensionless
AA; = defined auxiliary function
AA, = defined auxiliary function
AA; = defined auxiliary function
AA, = defined auxiliary function
A; = defined auxiliary function
b = outer radius of spherical particle, m
B = Langmuir isotherm constant, m3/kgmol

July 2009 Vol. 55, No. 7 AIChE Journal



B; = defined auxiliary function
Ca = concentration of A in mobile phase, kgmol/m’
D = axial dispersion coefficient, m2/s
D4 = diffusivity of A in gas phase, m%/s
D; = defined auxiliary function
D, = diffusivity of A in stationary phase, m*/s
E = (=2 + (4Ap*/A(61))), dimensionless
F=(-2- (4Ap2/A(0t))), dimensionless
H = linear isotherm constant, dimensionless
K; = defined auxiliary function
L = bed length, m
Pe = (UL/D) Peclet number, dimensionless
g = concentration of A in coated film/spherical shell, kgmol/m
go = initial concentration of A in stationary phase, kgmol/m®
¢s = saturated concentration of stationary phase, kgmol/m’
r = radius of spherical particles, m
t = time, s
U = superficial velocity of mobile phase, m/s
x = distance along the x-direction, m

3

Greek letters

Y = @30 — s)DALqu/%bZU), dimensionless
¢ = bed void fraction, dimensionless
, { = dimensionless x length of bed in x-direction

A(y {) = dimensionless distance between two discretization points in
x-direction
n = (r — {), dimensionless
0 = dimensionless concentration of A in flowing phase
p = dimensionless radius of spherical particles
Ap = dimensionless distance between two discretization points in
r-direction
¢ = QLDJ(b — a)*U), reciprocal of modified Peclet number in
sorbent
t = dimensionless time
A(ot) = dimensionless distance between two discretization points in

t-direction
¢ = dimensionless concentration of A in stationary phase

Subscripts

f = index to specify grid node in r-direction at r = b
Jff = index to specify grid node in x-direction at x = L
i = index to specify grid nodes in x-direction

J = index to specify grid nodes in r-direction

n = index to specify grid nodes in ¢-dimension
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Appendix

To write the mobile phase equations, Egs. 18-25, in alge-
braic form forward difference on time derivative term and
backward differences of first- and second-order on special
derivative terms are implemented. This leads to

Oint1 = AA10;, + AA20i_1 , + AA30;_2,
- AA4(¢[,f—2,n - 4¢if—l,n + 3¢if,n) (Al)

i=0: 0y, =0 (A2)
i=ff: Opon,—405_1,+305,=0 (A3)
n=20: 9,‘,0:1 (A4)

where i = ff is the end of the bed at x = L, and AA|, AA,,
AAs, AA, are defined as follows:

w09
e
o S
AAg— — a(bfifa) % Az(;‘;) (A8)

Equation 3 is obtained using second-order backward
difference approximation for the boundary condition
a1 = 0.

The descritization of the mobile phase equations, Eqs. 22—
25, using central Crank-Nikelson approximations on special
terms and forward difference on temporal terms leads to

Ajbijirner T Bibij_1 1 + Fbijnsn

= —Aj¢z:j+1,n - Bjd)ij—l.n - Ed)ij,n (A9)

j: 0: 4¢i,1,n+1 - ¢i,2,n+1 - 3q')i,O,n-%—l =0 (Alo)

., ¢if nt1
j=f: O =g (A1)
. 9(1 - ¢if,n+1)
n=20: (f),-J-,O =0.9 (A12)
where Aj, B, E, and F are defined in Egs. 47-50.
Ap
Al3
7 jAp +a (AL3)
—Ap
B; Al4
v (Al4)
4Ap?
E=— Al5
- A(o7) (A15)
4Ap?
F=-2- Al6
A(o7) (A16)

The discretized model equations, Eqs. A1-A4, and Al13-
A16, comprise a set of coupled nonlinear Algebraic equa-
tions. The C programming language in computational MAT-
LAB media is used to solve this coupled nonlinear system of
partial differential equations (PDEs). Because of the inherent
nonlinearity of the equations, approximation and error
method is used to solve the system of algebraic equations
rather than inverse matrix method. Therefore, Eq. A11 may
be rephrased as Eqs. A17 and A18.

’ ¢i,f9,n+l (A17)

J=f: 0, =A

1

A=
1 - d)i,fﬁn+l

(A18)

Now, to solve the system equations, at any node, i, at dif-
ferent times, a single value for ¢, s, between O and 0.9 is
guessed, then A’ is calculated. By doing this, one will obtain
the required matrix of coefficients. Subsequently, the reverse
matrix method is implemented and the value of ¢z, is
obtained. This value is compared with the guessed value.
This computation is iterated until the convergence criterion
is satisfied. An error of less than 0.0001 was used as conver-
gence criterion. Smaller differences (errors) were attempted,
however, that did not lead to appreciable improvement of
the results.
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